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Abstract. The problem of discrete nonlinear system structure and parameters identification for accurate geomagnetic in-
dices prediction is considered. An original approach of mix-integer nonlinear optimization problem based on the selection
of a polynomial model with minimal complexity is presented. An evolutional algorithms procedure is used to numerical
calculations and investigations of the prediction error dependence from the model complexity and the amount of input
variables. The advantages of the most informative variables estimation for polynomial model structure identification for
accurate space weather prediction are described.
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1 Introduction

The advancement of modern technology substantially depends on space researches [10]. The near-Earth space hosts
numerous spacecraft for more then50 years [10, 19, 11, 7, 14]. Space research is directly connected with different
types of detectors and technologies, which can be affected by crisis situations caused by solar wind [10, 19, 11, 7]. The
planning of long-term space missions requires the development of techniques of risk estimation and space environment
state prediction [11, 14, 1, 2]. Among them, an important factor is the space weather [10, 19, 11, 7, 14, 1, 2]. Disturbances
in the ionosphere can degrade radio propagation and satellite communications; solar flares can cause positional errors of
several kilometers in ground-based navigation systems, and the Global Positioning System can be affected by variations
in electron density in the ionosphere [10, 19, 11, 7]. Magnetic storms can induce currents in long-distance pipelines and
cable networks [10, 19, 11, 7]. Energetic particles and solar proton flares can affect spacecraft by causing a radiation and
structural damage. Consequently, predictions of geomagnetic storms have a significant bearing upon the operation of a
number of services [10, 19, 11, 7, 14, 1, 2].

The magnetosphere can be considered as a complex input-output system [14]. For such a system, the solar wind plays
the role of the input and the geomagnetic indices can be considered as outputs. Properties of the output data set used to
analyze and to understand the characteristics of the dynamical system. Several approaches have been proposed to predict
theDst-index and other geomagnetic indices [19, 7, 14, 1, 2, 26, 24, 5, 9, 4, 22, 23, 3, 17, 18]. In our previous articles,
the dynamical-information approach for prediction of the geomagnetic indices has been proposed [6, 20, 21, 25].

In this article, the influence of the solar wind on the magnetosphere is considered as a black-box system with multiple
inputs and one output. The inputs are the time series based upon the magnetic field components and the solar wind plasma
parameters. The output are the geomagnetic index.

The identification of model structure cannot be separated from the identification of model parameters, as it is impos-
sible to determine the accuracy of a given model structure without the parameters. In most cases, the model structure
identification leads to very difficult and ill-conditioned nonlinear optimization problems. The time series that character-
izes the solar wind behavior consists of multidimensional components, which increases the dimensionality of the model
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input, complicates the model reconstruction, and significantly increases the running time of the computation algorithm.
Due to the reasons stated above, it is important to reduce the dimensionality of the input, as well as to identify the most
informative quantities. This problem can be logically divided into three stages: 1) to identify the initial predictive feature,
2) to define a time delay between the model input and the output, and 3) to select the predictors from a wide range of
observed features.

2 Structure & parameters identification

Construction of a black-box system includes two main steps: the selection of a model structure and estimation of the
parameters for given structure. In general, the well-known optimization algorithms can handle the second step; and the
first step usually is solved by the investigator, who selects a model structure based on a priori knowledge. If the system is
a linear, the structure identification is rather modest problem, but for nonlinear situations, it is much more difficult. There
are two main reason for that: the first one is that there are a very rich spectrum of possible nonlinear models; the second
one is that even if the modeler successfully selected a model, in most of cases it is necessary to identify parameters and
nonlinear functions. A nonlinear discrete model can be represented as

ŷ(k) = F (Ψ(k), c), (1)

whereŷ(k) is the model output at thek-th time moment,Ψ(k) is the input(s) of the model at thek-th time moment,F is
a nonlinear function,c is a parameter vector. The nonlinear model (1) which is linear with respect to model parameters
can be presented as

ŷ(k) =
M∑

i=1

cifi(Ψ(k)), (2)

whereΨ(k) is a vector formed on the basis of experimental data by combining of input-output variables

Ψ(k) = (u(k), u(k − 1), . . . , u(k − nu), . . . , y(k − 1), . . . , y(k − ny)),

f1(ψ1(k)), . . . , fM (ψM (k)) are linear or nonlinear terms of the model (regressors);u(k)− are model inputs (or one
input); y(k)− is the model output;ny andnu are their associated maximum lags;c1, . . . , cM are the model parameters;
i = 1;M , M ∈ < is the number of regressors,< is the integer set. Using ANOVA decomposition the general nonlinear
function can be performed as

ŷ(k) = f0 +
M∑

i=1

fiψi(k) +
M∑

i=1

M∑

j=i+1

fijψi(k)ψj(k) +

+ . . . + f1,2,...,M (ψ1(k), ψ2(k), ..., ψM (k))

wheref(·) function is approximated by an additive decomposition of simpler subfunctions; in whichf0 is a bias term
andfi(ψi), fij(ψi, ψj) represent univariate, bivariate components. Most of dynamical system can be represented by
this decomposition. Model structure identification includes two types of problems: identification of model order, namely
finding appropriateM , nu andny values (integer values); identification off1, ..., fM nonlinear model equations (symbolic
optimization).

The model structure identification is based on the finding of the model order and the proper set of nonlinearfi function
of (2). There are two approaches to solve this problem:1) the first approach generates all of the possible model structures
and then selects the best;2) the second approach transforms the problem into an optimization problem and solves it by
optimization algorithm.

The limitation of the first approach is that there are a vast number of possible structures; hence, it is impossible to
evaluate all of them in practice. Even if the set of possible structures is restricted only to polynomial models the number
of possible terms could be very large. Let us make the assumption that the number of input variablesψ (regressors) is
equalM = 10 and the maximum polynomial orderl = lmax = 3, the maximal model complexity (number of parameters
or polynomial terms) will be

T =
(lmax + M)!
lmax! ·M !

= 286,

T - is the maximal number of model terms. If the model does not only consist of polynomial terms, the number of possible
terms multiplies. In the case of a reasonable number of regressors, the model terms can be sorted based on their errors,
and the best terms (which have the biggest values) can be selected to build the model.
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The second approach transforms the structure selection problem into an optimization problem, in which the search
space consists of the possible model structures. This method uses a search algorithm that selects an optimal structure. The
advantage of this method is that it does not need to evaluate every possible model structure.

Let us discusses the problem formulation for selection of the optimal model (2) under uncertainty. First of all we have
put some constraints for optimization problem definition. The problem of model (2) identification consists in the search
of a model with the minimum number of the polynomial termsM with the fixed maximal value of polynomial degree
(order)lmax, which yields the most accurate calculation of valuesŷ(k) to the experimental valuesy(k). Also we want
to provide the maximal fitting of the model result to the real data on the constrained training data set with the lengthN∗.
We also have to account a criteria of system physical realization [21], in other wordsnu > ny. As a result the problem
of model identification (structure and parameters identification) can be presented as mix-integer nonlinear optimization
problem [8] with constraints

min
c,M

f(c,M), (3)

subject to υ(c,M) ≤ 0,

M < Mmax,

0 < l ≤ lmax,

ny ≤ n∗y, n∗y = integer const,

nu ≤ n∗u, n∗u = integer const,

nu > ny,

N ≤ N∗,

where

f(c,M) =
1
N

√√√√ N∑

k=1

(
y(k)−

M∑

i=1

ciψi(k)

)2

,

c ∈ Θ, Θ− is real set,M 6= 0, M ∈ <, <− is integer set,N∗ = const− is the length of the training data set.

3 Evolutionary algorithm for optimization problem solving

The Genetic Programming (GP) is a widely used population based iterative optimization technique developed by Koza
[12, 13]. It is an evolutionary computation technique based on the so-called ”tree representation”. The problem is
transformed to the GP by performing certain well-defined steps: the set of terminals for each branch of the model; the
set of primitive functions for each branch of the model; the fitness measure; certain parameters for controlling the run;
the stop criterion. GP typically starts with a population of randomly generated models composed from the available input
variables (regressors) [12, 13, 15]. GP iteratively transforms a population of individuals into a new generation of the
population by applying analogs of naturally occurring genetic operations. These operations are applied to individuals
selected from the population. The individuals are probabilistically selected to participate in the genetic operations based
on their fitness value. The iterative transformation of the population is executed in the main generational loop of GP.
A population member in GP is a hierarchically structured tree consisting of functions and terminals. The functions and
terminals are selected from a set of functions and a set of terminals. For example, the set of operators can contain the
basic arithmetic operations:{+,−, ∗, /,

√}. Potential solution may be depicted as a rooted, labeled tree with ordered
branches, using operations from the function set and arguments from the terminal set.

Population member represents thefi linear and nonlinear functions. The parameters are joined to the model after
extracting thefi functions from the tree, and they are determined using the Least Square method [8]. One can extract
fi function terms by decomposing the tree starting from the root. If the set of operators is defined asF = {+, ∗} and
there is a syntactic rule that exchanges the internal nodes that are below to a *-type to the +-type nodes, the algorithm
will generate only polynomial models. The most widely used selection strategy is the roulette-wheel selection, which was
used in this work. In the roulette-wheel selection, every individual (model structure) has a probability to be selected as
parent, and this probability is proportional to fitness value

Φj =
φj

J∑
j=1

φj

,
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Tab. 1.Parameters of the identification algorithm (algorithm options)

Algorithm input parameters Mmax lmax N , hours ny nu Φ∗, Stop criteria

Values 100 8 2000 25 24 0.85

whereJ − is the number of all individuals (generated model structures) in population. Theφj is a fitness function value
of the individualj

φj =
rj

1− exp (lj (Mj −Mmax))
,

rj =

√√√√√√√√√




N∑
k=1

(y(k)− ȳ) · (ŷj(k)− ŷ∗j (k)
)

√(
N∑

k=1

(y(k)− ȳ)
)2

·
(

N∑
k=1

(
ŷj(k)− ŷ∗j (k)

))2




2

,

ȳ =
1
N

N∑

k=1

y(k), ŷ∗j (k) =
1
N

N∑

k=1

ŷj(k),

whererj − correlation coefficient calculated using model structurej and parameterscj obtained with Least Square
method. When an individual is selected for reproduction, three operations can be applied: direct reproduction, mutation
and crossover (recombination). The probability of mutation ispm, the probability of crossover ispc, and the probability
of direct reproduction is1− pm − pc.

According to the valuesΦj andpm, pc (which are set by the investigator) the procedure of model reconstruction is
provided. The direct reproduction puts the selected individual into the new generation without any change. In mutation
a random change is performed on the selected tree structure (model) by a random substitution. If an internal element (an
operator) is changed to a leaf element (an argument), the structure of tree will change too. In crossover two individuals
are selected, and their tree structures are divided at a randomly selected crossover point, and the resulting sub-trees are
exchanged to form two new individuals (model structures). Before calculation of model parameters using Least Squares
method the cut procedure is provided for deleting identical model sub-trees (regressors). The model selection is stopped
when the fitness valueΦj equals stop criteria

Φj ≥ Φ∗,

or the maximal number of generation (iterations) is reached.

Tab. 2.Parameters of the genetic algorithm

Population size 750

Max number of individuals 2500

Maximum generations 500

Generation gap 0.8

Probability of crossover 0.3

Probability of mutation 0.3

Type of mutation subtree-mutation

Type of crossover one-point (2 parents)

Type of replacement elitist

Type of individuals selection roulette wheel or tournament selection methods

Termination Criterion Stop criteria or Maximum generations
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Fig. 1.Prediction error for different time intervals

4 Results of numeric modelling

The space weather was considered as a system with many inputs and one output. It was assumed that the value of
system output allows us to conduct the high-quality estimation of the space weather state. As the output of the system
it was chosen the geomagneticDst-index, which characterizes the magnetic storms [14]. Time series of the solar wind
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Fig. 2. The models structure complexity (number of model terms (regressors)) change in
different prediction time

parameters measured in space used as the system inputs [16]. The numerical experiment was carried out for investigating
the dependence between the model structure complexity, the amount of model inputs and the prediction error. Four types
of systems were selected: one-input− one-output; two-inputs− one-output; four-inputs− one-output and eight-inputs−
one-output. In the table (1) are presented the parameters that were chosen for solving identification problem (3). Some
assumptions for constraining the set of possible model structures were made before realization of numerical experiment.
These constrains are entered to provide a selection of an optimal model in the one of classes with a minimal structure
complexity and maximal prediction accuracy. Also the chosen constraints are sent to increase the numerical efficiency and
processing speed of the identification algorithm. Selected size of training data set and maximum lags values of the input-
output parameters are mainly conditioned by the results of our previous investigations [6, 20, 21, 25]. All set constraints
on a search area, their numerical values, and some parameters GP algorithm for providing of effective selection of model
structures are brought in the table (2).
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Fig. 3. Results of prediction error calculation: a) test data set (A) (January-May, 2006); b)
test data set (B) (January-May, 2011)

Models reconstructions were carried out forDst-index prediction on the one, three, six, nine and twelve hours. As a
result within the framework of one class single model was selected for prediction on the certain time intervals. In time
of the numerical modeling the amount of selected model terms, maximal value of model terms order and prediction error
MSE (Mean Square Error) were calculated

MSE =
1
N

N∑

k=1

(y(k)− ŷ(k))2 .

On the figure (1) the relationship between prediction error and prediction time is presented. On the figure (2) the depen-
dence of model complexity (number of model terms) and prediction time (hours) is shown. As it can be seen on the figure
(2) the complexity of the majority of the models is in the range between fifteen and twenty five terms. Also the most
complex models are reconstructed for the system types ”four-inputs - one-output” and ”eight-inputs - one-output”.

Two test intervals for additional examination of the models stability and accuracy were chosen after selection of the
optimal models on the training data set. The results of the calculation are shown on the figure (3). As it was shown more
complex models have low level of stability and high prediction error. Also it can be seen that for model identification and
accurateDst-index prediction it enough to use values ofBz · v andp (p - solar wind flow pressure,Bz · v - electric field,
(−[v(km/s) ·Bz(nT )] · 10−3 wherev - solar wind speed,Bz - south geomagnetic field component)).
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Tab. 3.The values of prediction error (MSE, nT) on the test interval A

Prediction hours\ Models Persistence 1-input 2-inputs 4-inputs 8-inputs
1 12,3 6,84 6,47 45,5 10,78
3 51,8 35,6 33,1 59,9 849,74
6 94,4 60,3 54,9 85,3 5197,17
9 126,9 76,4 72,8 139,13 14161
12 154,5 90,8 85,28 171,5 9230,3

Tab. 4.The value of prediction error (MSE, nT) on the test interval B

Prediction hours\ Models Persistence 1-input 2-inputs 4-inputs 8-inputs
1 21,13 9,39 8,98 63,63 12,53
3 69,15 48,99 42,77 90,98 920,51
6 117,9 108,2 94,73 117,73 5516,32
9 158,4 116,4 109,9 192,35 13689
12 188,99 151,17 161,88 226,67 10404

5 Conclusions

In this paper was discussed the problem of space weather prediction using polynomial models and inductive modelling
techniques. The identification problem was considered as mix-integer nonlinear optimization problem with constraints.
For it solving was proposed a new algorithm for structure selection of nonlinear input-output polynomials models using
genetic programming (GP) technique. Simulation results show that the proposed tool provides an efficient and fast method
for selecting input-output model structure for space weather prediction. Also in paper was discussed the problem of
optimal model structure and optimal number of model inputs selection for accurateDst-index prediction. The results
of numerical modelling show that the increasing of the number of inputs leads to the increasing of the model structure
complexity and its instability. As the conclusion the most significant parameters forDst-index prediction areBz · v -
south geomagnetic component and solar wind speed, andp - solar wind pressure. The one-input and two-inputs models
show an accurate prediction ofDst-index (Tables 3 & 4) and stability on the test data sets. The bad prediction accuracy
of the models with four and eight inputs might be caused by the great number of so called ”fault” data points in the input
time series. Also, it can be caused by the training data set limitations. Our future investigations will be directed into
solving of the experimental data preprocessing and quasi-real time adaptive model parameters validation problem.
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